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Analyses of thermal diffusivity data on complex insulators and on
strongly correlated electron systems hosted in similar complex crys-
tal structures suggest that quantum chaos is a good description for
thermalization processes in these systems, particularly in the high
temperature regime where the many phonon bands and their inter-
actions dominate the thermal transport. Here we observe that for
these systems diffusive thermal transport is controlled by a univer-
sal Planckian time scale τ ∼ ~/kBT , and a unique velocity vE .
Specifically, vE ≈ vph for complex insulators, and vph . vE  vF
in the presence of strongly correlated itinerant electrons (vph and vF
are the phonons and electrons velocities respectively). For the com-
plex correlated electron systems we further show that charge diffu-
sivity, while also reaching the Planckian relaxation bound, is largely
dominated by the Fermi velocity of the electrons, hence suggesting
that it is only the thermal (energy) diffusivity that describes chaos
diffusivity.
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Introduction
It has been recently proposed that thermalization processes
in strongly correlated electron systems without well defined
quasiparticles exhibit chaotic dynamics. Applied to several
model systems, the important ingredients related to quantum
chaos, the scrambling time and the speed of its spread (1–3),
could be identified in models of correlated electron systems
(4–8). Often, the theoretical scrambling (Lyapunov) time is
bound at ~/2pikBT , suggesting a strong link to a Planckian
bound τp = ~/kBT , that has been argued to limit transport
diffusion (5–11). While this could be a reasonable approach
at very low temperatures, it is clear that at high tempera-
tures such as in the vicinity of Mott-Ioffe-Regel (MIR, most
commonly defined as kF ` ∼ 1), one cannot ignore phonons
as a natural route for thermalization, particularly in complex
crystal structures where numerous phonon bands span a wide
range of temperatures, and multi-phonon scattering processes,
enabled by strong anharmonicity dominate thermal relaxation.
Of particular relevance is the recent observation that ther-
mal diffusivity of insulators exhibits a lower bound set by the
product of the square of sound velocity and the Planckian
time (12). This bound is closely approached for insulators
with complex crystal structures, making it conceivable that
the phonon system itself approaches thermal equilibrium via
chaotic dynamics. For example, a study of spectral statistics
of lattice modes in a crystal with a complex unit cell revealed
a Wigner-Dyson statistics (13, 14) for the correlations of eigen-
mode frequencies, a hallmark of chaotic dynamics (15, 16).
Assuming that chaos description applies and since thermal
equilibrium is approached through energy eigenstate thermal-
ization (17, 18), it suggests that energy diffusion can be related
to chaos diffusion through the characteristic relaxation time
and velocity. This could be achieved through the study of
thermal diffusivity, especially if the velocity and scattering
time could be determined independently (19–21).
In this paper we argue that a large class of complex in-
sulators, as well as bad metals embedded in such insulators,
are possible candidates to be analyzed in the framework of a
many-body quantum chaos at high temperatures (e.g. in the
‘bad metal’ regime (22)). Our assertion is based on analyses
of thermal diffusivity data on such systems, attributing the
origin of chaotic dynamics to the numerous phonon bands that
span the measurements temperature range. Since all material-
dependent parameters are known in these solids, we are able
to compare their energy (thermal) and charge (electrical) dif-
fusivities. Our primary results are: i) it is highly plausible
that quantum chaos is a good description of complex insula-
tors in the high temperature regime where the many phonon
bands and their interactions dominate the thermal transport.
In particular, a Planckian relaxation time τp ∼ ~/kBT and
unique velocity vE ∼ vph (vph is a phonon velocity of order
the speed of sound), characterize the thermal diffusivity in
these materials (also see (12)); ii) Bad metallic states with
no well-defined quasiparticles, that emerge in such insulators
upon doping, share much of the dominance of the anomalous
phonon thermal transport. However, while the relaxation
time reaches τp ∼ ~/kBT , the velocity which characterizes the
diffusive thermal transport exhibits vE & vph signifying the
appreciable electrons contribution (at the same time, vE is
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smaller than the Fermi velocity, vF .); iii) Following a theoreti-
cal approach first introduced by Werman et al. (23), we argue
that for these systems we can identify in a consistent way
both, a Lyapunov exponent ΓL ∼ 1/τ and a butterfly velocity
vB ∼ vE that take into account the electrons, the phonons,
and their interactions; iv) Comparing resistivity with thermal
diffusivity, we show that charge diffusivity, while also reaching
the relaxation bound, is largely dominated by the Fermi veloc-
ity of the electrons, suggesting that it is the thermal (energy)
diffusivity that describes chaos diffusivity.
Observations and Analyses
Overview. Recently, in a comprehensive study of low ther-
mal conductivity insulators, Behnia and Kapitulnik (12) ana-
lyzed the magnitude of the thermal diffusion constant in the
high-temperature regime where T-linear thermal resistivity
is observed. Possibly the most striking result of this study
has been the observation that complex oxides (such as cubic
perovskites), exhibit a thermal relaxation time that is of or-
der (but bound from below) of the Planckian relaxation time
τp = ~/kBT . More structurally complex insulators such as
glasses may come even closer to that bound. Thus, following
these observations, we will consider real complex material sys-
tems such as perovskites where at high temperatures (of order
of room temperature or above), a large number of phonon
bands are active within each Brillouin zone, many of them
dispersive, hence able to carry entropy. Moreover, at the high
temperature range of the experiments anharmonic effects are
appreciable, thus strongly influencing the many-body states of
the phonon system. It is therefore reasonable to assume that
the phonon system creates a chaotic environment, exhibiting
levels statistics that follows Wigner-Dyson statistics (15, 16).
If in addition these systems are doped, only a very small num-
ber of electron bands (often only one) cross the Fermi energy
to become relevant. This large number of phonon modes in
the presence of appreciable electron-phonon interaction, cause
the electrons to locally relax their energy and momentum.
Complex Insulators. As alluded above, even without the con-
tribution of electrons, insulating perovskites exhibit anomalous
diffusivity that is likely to be described as chaotic. A ubiq-
uitous Dph ∝ 1/T has been highlighted in recent studies
of high-temperatures thermal diffusivity of complex insula-
tors, particularly perovskites (20, 24). In general, such a
temperature dependence has been attributed to umklapp scat-
tering of phonons with a scattering rate that decreases as
θD/T (25), commencing at temperatures as low as θD/5 (here
θD = ~ωD/kB is the Debye temperature (26). However, for
the complex oxides, a ∼ 1/T behavior must have a different
origin, since in the relevant temperature range, typically 250K
. T . 700K, the phonon mean free path is very small, of
order or even smaller than the lattice constant. Therefore, it
was often suggested that umklapp scattering alone is unlikely
to be sufficiently strong to account for the observed small
mean-free path (12, 27, 28). Furthermore, due to their struc-
tural complexity, complex oxides are susceptible to a variety
of local disorder effects, which may further enhance relax-
ation processes and thus degrade thermal transport. These
observations lead to a suggestion that the phonon thermal dif-
fusivity is limited by a Planckian relaxation time τ ∼ ~/kBT
(12, 19, 20). This proposal may first seem at odds with the fact
that the temperature range where this behavior occurs is of
order, or exceeding the acoustic phonons Debye temperature,
thus should be considered as “classical.” However, a closer
investigation of the phonons band structure of perovskites
and similar complex materials show that new phonon bands,
many of them dispersive, continue to be activated much above
1000K, where much of the decrease in phonon mean free path
comes from anharmonic and phonon-phonon scattering. For
example, MgSiO3 (29) or SrTiO3 (30) exhibit phonon bands
all the way to ∼ 1500K, while for YBa2Cu3O7 phonon bands
exceed ∼ 1100K (31). By contrast, material systems such as
PbTe, exhibit very low thermal diffusivity due to their low
sound velocity, but are further away from τp (12).
Table 1 below is a compilation of the linear behavior param-
eters of the inverse diffusivity of several examples of insulating
perovskites as compared to well known highly crystalline “sim-
ple” insulators: BeO, silicon and diamond. This table is
constructed from data in the range of 250K. T . 700K by
assuming a phonon-only thermal diffusivity behavior of
DE = Dph = 1dv
2
phτ = s
~v2ph
kBT
[1]
here d is the relevant dimensionality in the standard expression
for the diffusivity, but it is embedded in the numerical constant
s once we impose a Planckian relaxation time τ ∼ ~/kBT . Fur-
thermore in this expression, vph is taken as the compressional
sound velocity with the rational that much of the heat is
transported by the longitudinal acoustic (LA) mode, since it
involves excursions of atoms along the direction of heat propa-
gation (similar to (20)). Also we add in Table 1 an estimate of
the phonon mean-free path, calculated at room temperature
from the expression Dph ≡ vph`ph.
Table 1. Thermal diffusivity parameters for complex insulators, in-
cluding insulating perovskites, Gadolinium Gallium Garnet (GGG)
and for comparison also highly crystalline “simple” insulators (ref-
erences given next to sample description). Using known compres-
sional speed of sound for vph, s is determined from: Dph =
s~v2ph/kBT . The room-temperature phonon mean free path is cal-
culated from `ph ≡ Dph/vph. Note that for BeO, Si, and Diamond,
linear inverse-diffusivity is observed only above ∼ 750K, in which
regime s is calculated, see Fig. 1.
vph `ph(300K)
sample [105cm/s] s Å
SrTiO3 (20) 7.87 2.7 5.1
LaAlO3 (24, 32) 6.72 2.9 3.86
KTaO3 (24, 33) 7.5 3.1 5.56
KNbO3 (24, 34) 7.0 1.6 2.69
NdGaO3 (24, 35) 6.5 1.65 2.61
YAlO3 (24, 36) 8.25 1.8 3.54
MgSiO3 (37, 38) 8.0 1.05 2.1
disordered-SrTiO3 (24) 7.87 1.9 3.57
GGG (39, 40) 6.55 2.5 3.98
PbWO4 (41, 42) 3.47 3.0 2.65
BeO (43, 44) 11.3 11 46
Silicon (20) 8.43 23 202
Natural-diamond (45–47) 18.0 50 55000
The most important point to note from this table is that
complex oxides are very different than the simple highly
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crystalline insulators even though the high-temperature diffu-
sivity in both cases is inversely proportional to temperature.
The observation that they saturate the thermal relaxation
bound at the Planckian rate, while at the same time exhibit
numerous phonon bands that are likely obeying Wigner-Dyson
statistics (15, 16) suggest that they satisfy the conditions to
exhibit chaos and quantum thermalization (17). This is an
important observation, as we next superimpose the electronic
contribution to the thermal transport.
Bad metals embedded in complex insulators. In the presence
of electrons, phonon-electron scattering rate may be the domi-
nating high-temperature cause of the observed short phonon
mean free path in complex correlated materials (see e.g.
(27, 48)). Indeed, in two recent studies of hole doped (19)
and electron doped (21) cuprates, Zhang et al. have shown
that the high temperatures thermal diffusivity of these com-
plex oxides exhibit electronic as much as phononic charac-
ter. These perovskite material systems are known to have
many phonon bands that are excited at temperatures above
the resistively-determined MIR limit, while also possessing
substantial electron-phonon interaction. However, the main
discovery of these two papers has been that over a very wide
range of thermal-modulation frequency the data could be fit
with a single diffusivity constant of DE corresponding to the
interacting electron-phonon system. Moreover, analyzing the
temperature dependence of the thermal diffusivity, Zhang
et al. noticed that in the case of electron-doped cuprates
(L2−xCexCuO4, with L=Nd, Sm and Pr), the measured in-
verse thermal diffusivities at high temperatures are linear in
temperature, satisfying:
D−1E =
(
s
~v2E
kBT
)−1
+D−10 [2]
where s plays the same role as in the pure phonon case. The
T-linearity is directly attributed to a Plankian relaxation rate
τ = ~/kBT , and the slope of the linear term gives rise to
a velocity vE , which was interpreted as the velocity of an
incoherent mixture (‘soup’) of electrons and phonons. The
difference between Eqn. 2 and Eqn. 1 is the T → 0 extrap-
olation which is close to zero for the insulators, but finite
for the systems that include electrons. The constant term,
D−10 = limT→0D−1E (T ) = (~/3m
∗)−1 was interpreted as the
residual electron diffusivity contribution at the MIR limit (21).
The presence of electrons must imply that either s, or the
velocity, or both need to be modified to include the electrons.
There are three possible scenarios for in this case. i) we as-
sume that the velocity remains the sound velocity. In that
case we can show that in the range of materials we measured
s must increases 4 to 6 times from its present value, implying
an increasing mean free path. This does not make sense since
the presence of electrons tend to increase the phonon relax-
ation through electron-phonon interaction, hence is expected
to reduce s. Furthermore, from our YBCO study we know
that the thermal diffusivity follow the resistivity and not the
sound-velocity anisotropy, thus should have implicit character
of the electron contribution.ii) we can assume that the elec-
trons indeed push the relaxation time to the Planckian limit
with s = 1. While this is certainly possible, and would yield
vE much larger than vs, we choose to be more conservative
and choose iii) we assume that since the system is dominated
by phonons, similar to the parent insulator, only the velocity
is changing, taking s ≈ 2.0 calculated as an average value of
many different perovskites (e.g. the average of the systems
in Table 1). Thus, determining s, vE can be calculated using
Eqn. 2. Table 2 is a summary of results for a few materials
reported in that study (21).
Table 2. Velocity vE extracted from the linear fit to Eqn. 2 of mea-
sured thermal diffusivity for L2−xCexCuO4, with L = Nd (N), Sm (S),
and Pr (P) and BSCCO data taken from ref. (21) ((g) is for as-grown,
while (n) is for annealed samples), as well as YBCO data from (19)
(here (a) and (b) represent the plane and chain directions respec-
tively). Also listed are the measured speed of sound (49, 50) and
Fermi velocity (51). The room-temperature mean free path is calcu-
lated from `eff ≡ DE/vE .
vs vE(s = 2) vF `eff (300K)
sample [105cm/s] [105cm/s] [107cm/s] [Å]
NCCO0.15(g) 7.0 12.0 2.5 3.4
NCCO0.15(n) 7.0 11.3 2.5 3.6
SCCO0.16(g) 5.9 12.0 2.0 2.8
SCCO0.16(n) 5.9 10.6 2.0 3.0
PCCO0.13(g) 6.25 12.7 2.1 3.3
BSCCO 4.37 12.0 2.4 1.75
YBCO6.75(a) 6.05 7.8 2.25 2.2
YBCO6.75(b) 6.5 10.6 − 3.4
YBCO6.60(a) 6.05 7.8 2.1 2.4
YBCO6.60(b) 6.5 10.0 − 4.0
The most important feature in Table 2 is that vE & vph
by roughly a factor of two, which translates to a factor of
four in the diffusivity slope (although, as discussed above, the
difference can be larger if s is closer to unity). Furthermore,
note that the extracted `eff in that table is larger than for
the pure insulators summarized in Table 1. For example,
NdGaO3 exhibits similar sound velocity, but much smaller
extracted phonon mean free path than any of the LCCO
samples. This can be understood as a result of the contribution
of the electrons to the thermal transport, which is another
reason to argue for their role in energy transport even at these
high temperatures.
Fig. 1. Inverse thermal diffusivity data plotted vs. temperature for several complex
materials. Diffusivities of insulating LaAlO3, YAlO3 and NdGaO3 are calculated from
(24, 52). Diffusivities of complex ‘bad metals’ are taken from earlier publications:
Bi-2212, SCCO and NCCO (21), and YBCO (19).
To end-up the discussion on thermal diffusivity, we show
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in Fig. 1 a log-log plot of the diffusivity vs. temperature
above 100 K for several insulating samples as compared
to Nd1.85Ce0.15CuO4 (NCCO) . First we note that silicon,
as a highly crystalline material approaches DE ∼ T−1 at
high temperatures, but this can be attributed to standard
umklapp scattering (53). On the other hand, YAlO3 and
NdGaO3 are complex insulating materials with non-cubic
crystal structure similar to NCCO, with diffusivity that
follows Eqn. 1, and with a typical proportionality constant
s (See table 1). The NCCO crystal which is also a complex
perovskite with a very similar sound velocity shows also
linear dependence of the inverse diffusivity, but with a finite
intercept. Subtracting that intercept, its linear dependence on
the same log-log plot is evidence. Also evident is the higher
slope, by about a factor of 2 to 3 over the insulators. Keeping
the prefactor constant (see above), this is a manifestation of
the higher velocity extracted from the slope. To emphasize
the range of phonon bands in these materials, we note
e.g. that for Nd2CuO4 (54) (the parent compound of
NCCO), or YAlO3 (55), room temperature lies low within
the rather wide (extending much above 1000K) complex band
structure of the phonons, some of which are strongly dispersive.
Charge Diffusivity and Resistivity. In the presence of itinerant
electrons, such as in the aforementioned strongly correlated
systems, we can discuss separately the issue of charge transport
and its relation to the MIR limit. For the strongly correlated
hole or electron doped cuprates studied by Zhang et al. (19,
21), it was argued that both, charge and lattice degrees of
freedom are strongly scattered, hence the scattering rate is
pushed to the Planckian bound (56). Applying a temperature
gradient to the sample, that system of electrons and phonons
react together, and heat is flowing as an overdamped diffusing
‘soup’ of phonons and electrons. While the very high density of
phonons dominate the thermal transport, the electrons which
with higher velocity but the same scattering rate are able to
increase the effective velocity of that fluid.
Considering next charge transport, an electric field applied
to the system will cause charges to move, but will only influ-
ence the phonon system indirectly through electron-phonon
interaction. This in turn may only result is some renormal-
ization of the electron’s effective mass, but will not change
the velocity that determines the charge diffusivity, that is,
the Fermi velocity, by much. Therefore, establishing that
vph . vE  vF , we conclude that in general DC & DE .
To further explore the above idea, we compare resistivity
and thermal diffusivity data, particularly on materials that
show D−1E ∝ T . Using Einstein relation for the resistivity,
the charge diffusivity is given by DC = [e2(dn/dµ)ρ]−1. If
the relaxation time is bound at τ ∼ ~/kBT , the resistivity
will show ρ ∝ T , and if the density of states is known, the
velocity associated with the charge diffusivity can be calculated.
It is evident from the resistivity data compiled by Bruin et
al. (57) that the extracted velocity associated with D−1C is
approximately the Fermi velocity. One concrete example is
Bi2Sr2CaCu2O8 (BSCCO), which is a hole-doped cuprated
that is less susceptible to oxygen loss and thus was measured
to temperatures much above room temperature. In particular,
for near optimal doping a linear dependence of the resistance
and inverse thermal diffusivity have been observed. While
the thermal diffusivity yields a velocity vE = 7.4× 105 cm/s,
analysis of the linear resistivity on very similar crystals (see
e.g. (58)) yields a velocity very close to the known Fermi
velocity for this system vF ∼ 2.8× 107 cm/s (59).
A more striking difference between energy and charge
diffusions is observed in many of the electron doped cuprates
where above the MIR limit the inverse thermal diffusivity
is linear in temperature (21), while the resistivity behaves
as ρ ∝ T 1+y, with y ≥ 0 (60–62). Imposing a Planckian
relaxation bound suggest that in these materials the electronic
compressibility varies as well above the MIR limit as has been
recently proposed in (63, 64).
Discussion
In a recent publication Werman et al. (23) introduced the idea
that a strongly coupled incoherent bad metals are also strongly
chaotic. In their model an electron system interacts with a
parametrically much larger system of optical phonons via local
electron-phonon interaction. The root-mean-squared phonon
frequency and velocity averaged over all phonon bands were set
to be ω0 and vph respectively, while similarly, the root-mean-
squared Fermi velocity averaged over all electron bands was
set to be vel. Their calculations, which were performed for the
cases of dispersive and dispersionless phonons, concentrated
on the temperature regime where ω0  kBT  F , in which
electronic quasiparticles are no longer well-defined. With
the above assumptions, their primary result was that the
thermal and chaos diffusion constants, DE and Dχ are always
comparable (DE ∼ Dχ), while this is not necessarily the
case for charge diffusion. More recently similar results were
also obtained by Guo et al. (65), who introduced to the
aforementioned SYK model (11), in addition to the electronic
coupling of the SYK islands, also a local coupling of each
island to a large number of low-energy “well defined” phonons.
Quantum Chaos and Thermalization. A closed, many-body in-
teracting quantum system without well defined quasiparticle
excitations is argued to exhibit quantum chaos (see e.g. (6)).
In this scenario local perturbations in the system’s initial con-
ditions are “scrambled” exponentially into non-local degrees
of freedom with a Lyapunov exponent rate Γχ = 1/τχ, and
spread out to affect the whole system at the butterfly velocity
vB (1, 5–7, 10). Consider a perturbed subsystem of a larger
many-body interacting quantum system. It is then possible to
assign a thermal distribution to the subsystem, while the rest
of the system serves as a heat bath that allows the subsystem
to thermalize. Scrambling and the butterfly velocity then de-
scribes the initial amplification of local perturbations and the
spread of chaos through quantum entanglement and the loss of
memory of the initial state of the whole system. Macroscopic
diffusion originated from the microscopic scrambling processes
emerges, with a diffusion constant
Dχ ≈ v2Bτχ , [3]
that controls global thermalization. Figure 2 shows a cartoon
of this sequence, which was further argued to describe charge
and energy diffusion (5, 6, 8).
Quantum Chaos and Solid State Systems. While it is reason-
able to expect quantum chaos in strongly interacting electron
systems, its observation, as well as that of a scrambling time,
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Subsystem
 “Heat Bath”
Quantum Many-body System
Subsystem
local 
perturbation
Fig. 2. Cartoon showing the initial local perturbation that leads to scrambling in the
subsystem followed by global thermalization.
are generally not expected to be measurable in solid state
systems. However, it was recently proposed that either the
charge diffusivity DC (5, 66) or energy diffusivity DE (7), or
both (23), are related to Dχ. These connections followed a
proposal by Hartnoll (4), that for incoherent non-quasiparticle
transport, both diffusivities are subject to fundamental quan-
tum mechanical bound of D & ~v
2
F
kBT
, where the Fermi velocity
was introduced as the natural velocity for the problem of elec-
tronic transport in a metal, and the relaxation time was set
at the shortest time scale allowed by the uncertainty principle
τ ∼ ~/kBT (67). An immediate consequence of this approach
is that for a constant electronic compressibility, the resistivity
is linear in temperature, which has been ubiquitously observed
in many bad metals (57).
While the above proposal seems to work for charge diffu-
sivity (DC), it was further suggested that the above bound
applies to energy diffusivity DE and that DE ∼ DC ∼ D, with
the proviso that electron-phonon interaction can be neglected.
However, in calculations of charge and energy diffusivities
in specific models of metals without quasiparticles, a critical
Fermi surface (7), and the Sachdev-Ye-Kitaev (SYK) model
(11), it was found that “quantum chaos, as characterized by
the butterfly velocity and the Lyapunov rate, universally de-
termines the thermal diffusivity, but not the charge diffusivity”
(6, 11). This seems natural in the context of the studied models
since quantum chaos originates from local energy fluctuations.
Obviously, an interacting many-electron system in an itin-
erant solid is not in general a closed quantum system, since
at least phonons need to be incorporated into the problem.
Moreover, any experiment on a solid state system in which
the temperature is well defined implies a connection to a heat
bath which in general is dominated by the phonons. Ther-
malizing the system is a delicate balance between internal
electron-phonon interaction and connection to the environ-
ment through e.g. the electrical leads. Thus, even if we invoke
a saturation of the relaxation time at ~/kBT , the notion of a
unique velocity that governs scrambling of local perturbations
into non-local degrees of freedom, that is, the “spread of chaos”
may not be applicable to solid state systems. However, we can
still use the concept of quantum-chaos in situations that fulfill
certain conditions. In particular, a state that at least mimics
a quantum chaotic system may be realized in a regime where
the full electron-phonon system includes electron-phonon in-
teractions, and also exhibits strong momentum degradation.
Comparison to Experiments. We return now to the compari-
son of our experimental observations in perovskites and other
bad metals and complex insulators to the model of Werman
et al. (23). In that model, strongly renormalized electrons
are coupled to weakly interacting optical phonons, which are
well defined quasiparticles. This yields an average phonon
frequency 〈ω2ph〉1/2 ≡ ω0  kBT , and thus τχ ∼ kBT/~ω20 ,
which is far from the Planckian bound, thus should only be
considered as “weakly chaotic. Scrambling rate is therefore
determined by the loss of phonon phase coherence, and the
butterfly velocity of the electron-phonon system with disper-
sive phonons depends only on the phonons velocity. There
are two main differences between the theoretical model and
the conditions of the experimental data. First, concerning the
phonon system, since the temperature range of interest lies in
the middle of the complex phonon band structure, which also
exhibits strong phonon-phonon interactions, we cannot assume
that all phonons are either well defined quasiparticles, nor we
can implement the theoretical assumption of kBT  ω0. In
fact, we argue that the complexity of the phonon system in
the studied material systems implies phonon states that most
likely exhibit chaotic statistics (15, 16). The magnitude of the
measured diffusivities suggest that much of the heat is trans-
ported by dispersive phonon modes, most probably involving
excursions of atoms along the direction of heat propagation,
and the relaxation reaches τ ∼ ~/kBT . Since in experiments
kBT determines both, the excited phonon modes and relax-
ation rate, it is tempting to push the theoretical model to that
limit, requiring that the average phonon frequency is deter-
mined by temperature, that is ~ω0 → kBT , which immediately
implies τχ ∼ ~/kBT . This assignment also suggests that with
no charge carriers, the velocity associated with the diffusivity
must be similar to the phonon velocity, which we summarized
in table 1, yielding vB ∼ vph.
Adding the effect of the electrons for the further comparison
with ref (23), the fact that a single diffusion constant is ob-
served suggest an increase in butterfly velocity vB ∼ vE & vph,
but probably smaller than vF . This again is understood as
a consequence of the strongly interacting electron-phonon
system, which diffuses as a ‘soup’ of not well-defined quasipar-
ticles (19), with a diffusion constant that is characterized by a
relaxation time saturated at the Planckian time of ∼ ~/kBT ,
and a velocity vE > vph due to the contribution of the much
faster electrons. Indeed, Guo et al. (65) remark that a more
self consistent inclusion of the electron-phonon and phonon-
phonon interactions is expected to yield an “electron-phonon"
soup, in which the strong dependence on the electron-phonon
coupling disappears.
Final Remarks. There are two final remarks to make. First, it
would be desired to be able to separate the values of vE and s in
Eqn. 2. This may require measurements at shorter timescales
to locate the actual time at which electrons thermalize with
phonons. Second, we remark on the relationship between DE
and DC . For energy diffusion, both electrons and phonons
move along the temperature gradient, and for overwhelming
phonon system the electrons are a small contribution to the
combined ‘soup’ providing enhanced velocity. On the other
hand, an electric field will only act on the charges, which
will move close to the Fermi velocity as conjectured in (4).
The phonons will then work to impede that motion through
the interaction with the charges. Therefore, and in particular
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based on our experimental observations, we do not see a reason
why DC ∼ DE ∼ Dχ.
Materials and Methods
Data used in this paper was taken from published literature as
indicated in the relevant references. Properties used to establish
various claims have been calculated as described in the text.
ACKNOWLEDGMENTS. We thank Steve Kivelson, Subir
Sachdev, and particularly Sean hartnoll for many comments and
insightful discussions. This work was supported by the Gordon and
Betty Moore Foundation through Emergent Phenomena in Quan-
tum Systems (EPiQS) Initiative Grant GBMF4529, and by the U.
S. Department of Energy (DOE) Office of Basic Energy Science,
Division of Materials Science and Engineering at Stanford under
contract No. DE-AC02-76SF00515.
1. Shenker SH, Stanford D (2014) Black holes and the butterfly effect. Journal of High Energy
Physics 2014(3):67.
2. Roberts DA, Stanford D, Susskind L (2015) Localized shocks. Journal of High Energy Physics
2015(3):51.
3. Maldacena J, Shenker SH, Stanford D (2016) A bound on chaos. Journal of High Energy
Physics 2016(8):106.
4. Hartnoll SA (2015) Theory of universal incoherent metallic transport. Nature Physics
11(1):54–61.
5. Blake M (2016) Universal charge diffusion and the butterfly effect in holographic theories.
Phys. Rev. Lett. 117(9):091601.
6. Hartnoll SA, Lucas A, Sachdev S (2016) “Holographic quantum matter”. arXiv:1612.07324
[hep-th].
7. Patel AA, Sachdev S (2017) Quantum chaos on a critical fermi surface. Proceedings of the
National Academy of Sciences 114(8):1844–1849.
8. Patel AA, Chowdhury D, Sachdev S, Swingle B (2017) Quantum butterfly effect in weakly
interacting diffusive metals. Phys. Rev. X 7(3):031047.
9. Aleiner IL, Faoro L, Ioffe LB (2016") Microscopic model of quantum butterfly effect: Out-of-
time-order correlators and traveling combustion waves. Annals of Physics 375:378 – 406.
10. Hartman T, Hartnoll SA, Mahajan R (2017) Upper bound on diffusivity. Phys. Rev. Lett.
119(14):141601.
11. Davison RA, et al. (2017) Thermoelectric transport in disordered metals without quasiparti-
cles: The sachdev-ye-kitaev models and holography. Phys. Rev. B 95(15):155131.
12. Behnia K, Kapitulnik A (2019) A lower bound to the thermal diffusivity of insulators. Journal
of Physics: Condensed Matter 31(40):405702.
13. Wigner EP (1955) Characteristic vectors of bordered matrices with infinite dimensions. An-
nals of Mathematics 62(3):548–564.
14. Dyson FJ (1962) Statistical theory of the energy levels of complex systems. i. Journal of
Mathematical Physics 3(1):140–156.
15. Fagas G, Fal’ko VI, Lambert C (1999) Universal correlations in vibrational spectra of complex
crystals. Physica B: Condensed Matter 263-264:136 – 138.
16. Fagas G, Fal’ko VI, Lambert CJ, Gefen Y (2000) Correlations in optical phonon spectra of
complex solids. Phys. Rev. B 61(15):9851–9854.
17. Srednicki M (1994) Chaos and quantum thermalization. Phys. Rev. E 50(2):888–901.
18. D’Alessio L, Kafri Y, Polkovnikov A, Rigol MA (2016) From quantum chaos and eigenstate
thermalization to statistical mechanics and thermodynamics. Advances in Physics 65(3):239–
362.
19. Zhang J, et al. (2017) Anomalous thermal diffusivity in underdoped yba2cu3o6+x . Proceed-
ings of the National Academy of Sciences 114(21):5378 – 5383.
20. Martelli V, Jiménez JL, Continentino M, Baggio-Saitovitch E, Behnia K (2018) Thermal trans-
port and phonon hydrodynamics in strontium titanate. Phys. Rev. Lett. 120(12):125901.
21. Zhang J, Kountz ED, Levenson-Falk EM, Greene RL, Kapitulnik A (2018) Thermal diffusivity
above mott-ioffe-regel limit. arXiv:1808.07564 [cond-mat].
22. Emery VJ, Kivelson SA (1995) Superconductivity in bad metals. Phys. Rev. Lett. 74(16):3253–
3256.
23. Werman Y, Kivelson SA, Berg E (2017) “Quantum chaos in an electron-phonon bad metal”.
arXiv:1705.07895 [cond-mat].
24. Hofmeister AM (2010) Thermal diffusivity of oxide perovskite compounds at elevated temper-
ature. Journal of Applied Physics 107(10):103532.
25. Berman R (1976) Thermal conduction in solids. (USA: Oxford University Press).
26. Slack GA (1979) The thermal conductivity of nonmetallic crystals in Solid State Physics, Solid
State Physics, eds. Ehrenreich H, Seitz F, Turnbull D. (Academic Press) Vol. 34, pp. 1 – 71.
27. Vandersande JW, Wood C (1986) The thermal conductivity of insulators and semiconductors.
Contemporary Physics 27(2):117–144.
28. Langenberg E, et al. (2016) Analysis of the temperature dependence of the thermal conduc-
tivity of insulating single crystal oxides. APL Materials 4(10):104815.
29. Wehinger B, et al. (2016) Dynamical and elastic properties of mgsio3 perovskite (bridgman-
ite). Geophysical Research Letters 43(6):2568–2575.
30. Trautmann T, Falter C (2004) Lattice dynamics, dielectric properties and structural instabilities
of srtio3 and batio3 . Journal of Physics: Condensed Matter 16(32):5955.
31. Nozaki H, Itoh S (1993) Lattice dynamics of yba2cu3o7 . Phys. Rev. B 48(10):7583–7589.
32. Carpenter MA, Sinogeikin SV, Bass JD, Lakshtanov DL, Jacobsen SD (2010) Elastic relax-
ations associated with the Pm(3)over-barm-R(3)over-barc transition in LaAlO3: I. Single crys-
tal elastic moduli at room temperature. J of Phys. Cond. Mat. 22(3):035403.
33. Barrett H (1968) ULTRASONIC PROPAGATION VELOCITY IN KTAO3. Phys. Lett. A
26(6):217.
34. Kalinichev A, Bass J, Zha C, Han P, Payne D (1993) ELASTIC PROPERTIES OF OR-
THORHOMBIC KNBO3 SINGLE-CRYSTALS BY BRILLOUIN-SCATTERING. Journal of Ap-
plied Physics 74:6603–6608.
35. Krivchikov A, et al. (2000) Structure, sound velocity, and thermal conductivity of the perovskite
ndgao3. Low Temperature Physics 26(5):370–374.
36. Zhan X, et al. (2012) Theoretical prediction of elastic stiffness and minimum lattice ther-
mal conductivity of y3al5o12, yalo3 and y4al2o9. Journal of the American Ceramic Society
95(4):1429–1434.
37. Osako M, Ito E (1991) Thermal-diffusivity of mgsio3 perovskite. Geophysical Research Let-
ters 18(2):239–242.
38. Kung J, et al. (2004) In situ measurements of sound velocities and densities across the or-
thopyroxene -> high-pressure clinopyroxene transition in mgsio3 at high pressure. Physics of
the Earth and Planetary Interiors 147:27–44.
39. Fan TY, et al. (2007) Cryogenic yb3+-doped solid-state lasers. IEEE Journal of selected
Topics in Quantum Electronics 13(3):448–459.
40. Kitaeva V, Zharikov E, Chistyi I (1985) The properties of crystals with garnet structure. Phys-
ica Status Solidi A-Applied Research 92(2):475–488.
41. Cai A, et al. (2011) Specific heat and thermal diffusivity and conductivity of pbwo4 single
crystal related to its crystal orientation at (300 to 673) k. Journal of Chemical and Engineering
data 56(5):2202–2204.
42. Kavitha C, Narayana C, Ramachandran BE, Garg N, Sharma SM (2015) Acoustic phonon
behavior of pbwo4 and bawo4 probed by low temperature brillouin spectroscopy. Solid State
Communications 202:78–84.
43. Hofmeister AM (2014) Thermal diffusivity and thermal conductivity of single-crystal mgo and
al2o3 and related compounds as a function of temperature. Physics and Chemistry of Miner-
als 41(5):361–371.
44. Kiiko VS, Komolikov YI, Makurin YN, Shein IR, Ivanovskii AL (2007) Ultrasound velocity and
absorption in beo, al2o3, zro2, and sio2 ceramics. Inorganic Minerals 43(12):1361–1364.
45. Victor AC (1962) Heat capacity of diamond at high temperatures. The Journal of Chemical
Physics 36(7):1903–1911.
46. Olson JR, et al. (1993) Thermal conductivity of diamond between 170 and 1200 k and the
isotope effect. Phys. Rev. B 47(22):14850–14856.
47. Wang S, Hsu Y, Pu J, Sung J, Hwa L (2004) Determination of acoustic wave velocities and
elastic properties for diamond and other hard materials. Materials Chemistry and Physics
85(2-3):432–437.
48. Steigmeier EF, Abeles B (1964) Scattering of phonons by electrons in germanium-silicon
alloys. Phys. Rev. 136(4A):A1149–A1155.
49. Fil D, Kolobov I, Fil V, Barilo S, Zhigunov D (1996) Indirect observation of a soundlike collec-
tive mode in electronic cuprates. Czechoslovak Journal of Physics 46(4):2155–2156. 21st
International Conference on Low Temperature Physics (LT 21), Prague, Czech Republic, AUG
08-14, 1996.
50. Berggold K, et al. (2006) Magnetic heat transport inR2Cuo4 (r = La, pr, nd, sm, eu, and
gd). Phys. Rev. B 73(10):104430.
51. Armitage NP, Fournier P, Greene RL (2010) Progress and perspectives on electron-doped
cuprates. Rev. Mod. Phys. 82(3):2421–2487.
52. Schnelle W, Fischer R, Gemlin E (2001) Specific heat capacity and thermal conductivity of
ndgao3 and laalo3 single crystals at low temperatures. Journal of Physics D: Applied Physics
34(6):846–851.
53. Glassbrenner CJ, Slack GA (1964) Thermal conductivity of silicon and germanium from 3ok
to the melting point. Phys. Rev. 134(4A):A1058–A1069.
54. Pintschovius L, et al. (1991) Lattice dynamic studies of htsc materials. Physica C 185(1):156–
161. 3rd International Conf. on Materials and Mechanisms of Superconductivity: High Tem-
perature Superconductors, Kanazawa, Japan, Jul. 22-26, 1991.
55. Suda J, et al. (2003) The first-order raman spectra and lattice dynamics for yalo3 crystal.
Journal of the Physical Society of Japan 72(6):1418–1422.
56. Zaanen J (2004) Why the temperature is high. Nature 430(6):512 EP.
57. Bruin JAN, Sakai H, Perry RS, Mackenzie AP (2013) Similarity of scattering rates in metals
showing t-linear resistivity. Science 339(6121):804–807. See also references therein.
58. Vedeneev SI, Maude DK (2005) Quasiparticle density of states of bi2sr2Cacu2o8+δ sin-
gle crystals probed using tunneling spectroscopy in the 30 − −50 mK temperature range
in high magnetic fields. Phys. Rev. B 72(14):144519.
59. Vishik IM, et al. (2010) Doping-dependent nodal fermi velocity of the high-temperature super-
conductor bi2sr2cacu2o8+δ revealed using high-resolution angle-resolved photoemis-
sion spectroscopy. Phys. Rev. Lett. 104(20):207002.
60. Bach PL, Saha SR, Kirshenbaum K, Paglione J, Greene RL (2011) High-temperature resis-
tivity in the iron pnictides and the electron-doped cuprates. Phys. Rev. B 83(21):212506.
61. Scanderbeg DJ, Taylor BJ, Baumbach RE, Paglione J, Maple MB (2016) Electrical and ther-
mal transport properties of the electron-doped cuprate sm2−xcexcuo4−y system. Journal
of Physics Condensed Matter 28(48):485702.
62. Sarkar T, Greene RL, S. DS (2018) Anomalous normal state resistivity in superconducting
La2−xCexCuO4 : Fermi liquid or strange metal. arXiv:1805.08360 [cond-mat.str-el].
63. Perepelitsky E, et al. (2016) Transport and optical conductivity in the hubbard model: A high-
temperature expansion perspective. Phys. Rev. B 94(23):235115.
64. Werman Y, Berg E (2016) Mott-ioffe-regel limit and resistivity crossover in a tractable electron-
phonon model. Phys. Rev. B 93(7):075109.
65. Guo H, Gu Y, Sachdev S (2019) Transport and chaos in lattice sachdev-ye-kitaev models.
arXiv:1904.02174 [cond-mat].
66. Blake M (2016) Universal diffusion in incoherent black holes. Phys. Rev. D 94(8):086014.
67. Sachdev S (1999) Quantum Phase Transitions. (Cambridge University Press, Cambridge,
UK), 1 edition.
6 | Kapitulnik et al.
